
MTH 166

Lecture-4

Equs. of First Order and Higher Degree 



Topic:

Equations of First Order and Higher Degree

Learning Outcomes:

1. What are the Equations of First Order and Higher Degree.

2. How to solve these equations first order and higher degree. 



Equations of First Order and Higher Degree:

Let 
𝑑𝑦

𝑑𝑥
= 𝑝 (A standard notation)

⇒
𝑑𝑦

𝑑𝑥

2
= 𝑝2 𝑁𝑜𝑡

𝑑2𝑦

𝑑𝑥2

⇒
𝑑𝑦

𝑑𝑥

3
= 𝑝3 𝑁𝑜𝑡

𝑑3𝑦

𝑑𝑥3

⇒
𝑑𝑦

𝑑𝑥

4
= 𝑝4 and so on…

These types of equations can also be written as: 𝑓 𝑥, 𝑦, 𝑝 = 0



Eqations Solvable for p:

Find the general solution of following differential equations:

Problem 1. 𝒚
𝒅𝒚

𝒅𝒙

𝟐
+ 𝒙 − 𝒚

𝒅𝒚

𝒅𝒙
− 𝒙 = 𝟎 (1)

Solution: Let 
𝑑𝑦

𝑑𝑥
= 𝑝

Equation (1) can be re-written as:

𝑦𝑝2 + 𝑥 − 𝑦 𝑝 − 𝑥 = 0

⇒ 𝑦𝑝2 + 𝑝𝑥 − 𝑝𝑦 − 𝑥 = 0

⇒ 𝑝 𝑦𝑝 + 𝑥 − 1 𝑦𝑝 + 𝑥 = 0

⇒ 𝑦𝑝 + 𝑥 𝑝 − 1 = 0



Here 𝑦𝑝 + 𝑥 = 0

⇒ 𝑦
𝑑𝑦

𝑑𝑥
+ 𝑥 = 0

⇒ 𝑦𝑑𝑦 + 𝑥𝑑𝑥 = 0

⇒ 𝑦𝑑𝑦׬ + 𝑥𝑑𝑥׬ = 𝑐

⇒
𝑦2

2
+

𝑥2

2
= 𝑐1

⇒ 𝑦2 + 𝑥2 − 2𝑐1 = 0

Also 𝑝 − 1 = 0

⇒
𝑑𝑦

𝑑𝑥
− 1 = 0

⇒ 𝑑𝑦 − 𝑑𝑥 = 0

⇒ 𝑑𝑦׬ − 𝑑𝑥׬ = 0

⇒ 𝑦 − 𝑥 = 𝑐2
⇒ 𝑦 − 𝑥 − 𝑐2 = 0

So, the general solution of equation (1) is given by: 

𝑦2 + 𝑥2 − 2𝑐1 𝑦 − 𝑥 − 𝑐2 = 0 Answer.



Problem 2. 𝒙𝒚
𝒅𝒚

𝒅𝒙

𝟐
− 𝒙𝟐 + 𝒚𝟐

𝒅𝒚

𝒅𝒙
+ 𝒙𝒚 = 𝟎 (1)

Solution: Let 
𝑑𝑦

𝑑𝑥
= 𝑝

Equation (1) can be re-written as:

𝑥𝑦𝑝2 − 𝑥2 + 𝑦2 𝑝 + 𝑥𝑦 = 0

⇒ 𝑥𝑦𝑝2 − 𝑥2𝑝 − 𝑦2𝑝 + 𝑥𝑦 = 0

⇒ 𝑥𝑝 𝑦𝑝 − 𝑥 − 𝑦 𝑦𝑝 − 𝑥 = 0

⇒ 𝑦𝑝 − 𝑥 𝑥𝑝 − 𝑦 = 0

Here 𝑦𝑝 − 𝑥 = 0

⇒ 𝑦
𝑑𝑦

𝑑𝑥
− 𝑥 = 0

⇒ 𝑦𝑑𝑦 − 𝑥𝑑𝑥 = 0

⇒ 𝑦𝑑𝑦׬ − 𝑥𝑑𝑥׬ = 𝑐

⇒
𝑦2

2
−

𝑥2

2
= 𝑐1

⇒ 𝑦2 − 𝑥2 − 2𝑐1 = 0



Here 𝑥𝑝 − 𝑦 = 0

⇒ 𝑥
𝑑𝑦

𝑑𝑥
− 𝑦 = 0

⇒ 𝑥𝑑𝑦 − 𝑦𝑑𝑥 = 0

⇒ 𝑥𝑑𝑦 = 𝑦𝑑𝑥

⇒
𝑑𝑦

𝑦
=

𝑑𝑥

𝑥

⇒ ׬
𝑑𝑦

𝑦
= ׬

𝑑𝑥

𝑥

⇒ log 𝑦 = log 𝑥 + log 𝑐2

⇒ log 𝑦 = log 𝑥𝑐2

⇒ 𝑦 = 𝑥𝑐2 ⇒ 𝑦 − 𝑥𝑐2 = 0

So, the general solution of equation (1) is given by: 

𝑦2 − 𝑥2 − 2𝑐1 𝑦 − 𝑥𝑐2 = 0 Answer.



Problem 3. 𝒑𝟑 + 𝟐𝒙𝒑𝟐 − 𝒚𝟐𝒑𝟐 − 𝟐𝒙𝒚𝟐𝒑 = 𝟎 (1)

Solution: 𝑝3 + 2𝑥𝑝2 − 𝑦2𝑝2 − 2𝑥𝑦2𝑝 = 0 (1)

⇒ p[𝑝2 + 2𝑥𝑝 − 𝑦2𝑝 − 2𝑥𝑦2] = 0

⇒ 𝑝 𝑝 𝑝 + 2𝑥 − 𝑦2 𝑝 + 2𝑥 = 0

⇒ 𝑝 𝑝 + 2𝑥 𝑝 − 𝑦2 = 0

Here 𝑝 = 0 ⇒
𝑑𝑦

𝑑𝑥
= 0 ⇒ 𝑦 = 𝑐1 ⇒ 𝑦 − 𝑐1 = 0

Also 𝑝 + 2𝑥 = 0

⇒
𝑑𝑦

𝑑𝑥
+ 2𝑥 = 0

⇒ 𝑑𝑦 + 2𝑥𝑑𝑥 = 0 ⇒ 𝑑𝑦׬ + 𝑥𝑑𝑥׬2 = 𝑐2 ⇒ 𝑦 + 2
𝑥2

2
= 𝑐2

⇒ 𝑦 + 𝑥2 − 𝑐2 = 0



Also 𝑝 − 𝑦2 = 0

⇒
𝑑𝑦

𝑑𝑥
− 𝑦2 = 0

⇒
𝑑𝑦

𝑑𝑥
= 𝑦2

⇒
𝑑𝑦

𝑦2
= 𝑑𝑥

⇒ 𝑦−2׬ 𝑑𝑦 = 𝑑𝑥׬

⇒
−1

𝑦
= 𝑥 + 𝑐3

⇒ 𝑥𝑦 + 1 + 𝑦𝑐3 = 0

So, the general solution of equation (1) is given by: 

𝑦 − 𝑐1 𝑦 + 𝑥2 − 𝑐2 𝑥𝑦 + 1 + 𝑦𝑐3 = 0 Answer.



Problem 3. 𝒑 𝒑 + 𝒚 = 𝒙(𝒙 + 𝒚) (1)

Solution: 𝑝 𝑝 + 𝑦 = 𝑥(𝑥 + 𝑦) (1)

⇒ 𝑝2 + 𝑦𝑝 − 𝑥2 − 𝑥𝑦 = 0

⇒ 𝑝2 − 𝑥2 + 𝑦(𝑝 − 𝑥) = 0

⇒ 𝑝 − 𝑥 𝑝 + 𝑥 + 𝑦(𝑝 − 𝑥) = 0

⇒ 𝑝 − 𝑥 (𝑝 + 𝑥 + 𝑦) = 0

Here 𝑝 − 𝑥 = 0

⇒
𝑑𝑦

𝑑𝑥
− 𝑥 = 0

⇒ 𝑑𝑦 − 𝑥𝑑𝑥 = 0 ⇒ 𝑑𝑦׬ − 𝑥𝑑𝑥׬ = 𝑐1 ⇒ 𝑦 −
𝑥2

2
= 𝑐1

⇒ 2𝑦 − 𝑥2 − 2𝑐1 = 0



Also 𝑝 + 𝑥 + 𝑦 = 0

⇒
𝑑𝑦

𝑑𝑥
+ 𝑥 + 𝑦 = 0

⇒ 𝑥 + 𝑦 𝑑𝑥 + 𝑑𝑦 = 0 (2)

Comparing it with: 𝑀𝑑𝑥 + 𝑁𝑑𝑦 = 0

Here 𝑀 = (𝑥 + 𝑦) ⇒
𝜕𝑀

𝜕𝑦
= 1

and 𝑁 = 1 ⇒
𝜕𝑁

𝜕𝑥
= 0

Since 
𝜕𝑀

𝜕𝑦
≠

𝜕𝑁

𝜕𝑥
, So, equation (2) in non-exact.

Here 

𝜕𝑀

𝜕𝑦
−
𝜕𝑁

𝜕𝑥

𝑁
=

1−0

1
= 1 = 𝑥0 = 𝑓(𝑥) which can be considered as a function of x.

So, 𝐼. 𝐹. = 𝑒׬ 𝑓 𝑥 𝑑𝑥 = 𝑒׬ 1𝑑𝑥 = 𝑒𝑥



Multiplying equation (2) by I.F.

𝑥 + 𝑦 𝑑𝑥 + 𝑑𝑦 × 𝑒𝑥 = 0

⇒ 𝑥𝑒𝑥 + 𝑦𝑒𝑥 𝑑𝑥 + 𝑒𝑥𝑑𝑦 = 0

Which is an exact differential equation.

Solution: ׬
𝑦=𝑐𝑜𝑛.

𝑀𝑑𝑥 + ׬ 𝑇𝑒𝑟𝑚𝑠 𝑜𝑓 𝑁 𝑓𝑟𝑒𝑒 𝑓𝑟𝑜𝑚 𝑥 𝑑𝑦 = 𝑐2

⇒ .𝑦=𝑐𝑜𝑛׬ 𝑥𝑒
𝑥 + 𝑦𝑒𝑥 𝑑𝑥 + 0 = 𝑐2

⇒ 𝑒𝑥 𝑥 − 1 + 𝑦𝑒𝑥 = 𝑐2

⇒ 𝑒𝑥 𝑥 − 1 + 𝑦𝑒𝑥 − 𝑐2 = 0

So, the general solution of equation (1) is given by: 

2𝑦 − 𝑥2 − 2𝑐1 𝑒𝑥 𝑥 − 1 + 𝑦𝑒𝑥 − 𝑐2 = 0 Answer.
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